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FLAG MANIFOLDS WITH STRONGLY POSITIVE CURVATURE
RENATO G. BETTIOL AND RICARDO A. E. MENDES
Abstract. We obtain a complete description of the moduli spaces of homoge-
neous metrics with strongly positive curvature on the Wallach flag manifolds
W 6, W 12 and W 24, which are respectively the manifolds of complete flags in
C3, H3 and Ca3. Together with our earlier work [4], this concludes the clas-
sification of simply-connected homogeneous spaces that admit a homogeneous
metric with strongly positive curvature.
1. Introduction
The study of smooth manifolds with positive sectional curvature (sec > 0) is a
classical subject in Riemannian Geometry; however, surprisingly little is understood
about such manifolds. On the one hand, there are very few known topological
obstructions. On the other hand, there is also a dramatic scarcity of examples
besides spheres and projective spaces (see [19] for a survey). A natural approach
to deal with the latter issue is to search for examples with many symmetries [6].
Perhaps the most compelling motivations for this approach are the achievements of
the classification of compact simply-connected homogeneous spaces with sec > 0,
due to Wallach [16] in even dimensions, and Be´rard-Bergery [2] in odd dimensions,
see also Wilking and Ziller [18]. In the process of this classification, Wallach [16]
discovered three new examples of closed manifolds with sec > 0, that are commonly
referred to as the Wallach flag manifolds:
W 6 = SU(3)/T2, W 12 = Sp(3)/Sp(1)Sp(1)Sp(1), and W 24 = F4/Spin(8).
These are the manifolds of complete flags in C3, H3 and Ca3 respectively, and are
the total spaces of homogeneous sphere bundles over the corresponding projective
planes CP 2, HP 2 and CaP 2, see Section 3 for details.
In this paper, we revisit the moduli spaces of positively curved homogeneous
metrics on the Wallach flag manifolds (obtained by Valiev [14]), under the light of
strongly positive curvature. A Riemannian manifold (M, g) has strongly positive
curvature if there exists ω ∈ Ω4(M) such that the modified curvature operator
(R + ω) : ∧2 TM∗ → ∧2TM∗ is positive-definite. A systematic study of this con-
dition was initiated by the authors in [4], propelled by the discovery that it is
preserved under Riemannian submersions and Cheeger deformations. Its origins
are reminiscent of the work of Thorpe [12, 13], and such notion was also used by
authors including Pu¨ttmann [9], and Grove, Verdiani and Ziller [7], who coined the
term. The interest in this curvature condition is largely due to it being intermedi-
ate between sec > 0 and positive-definiteness of the curvature operator. We recall
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that, while many questions on manifolds with sec > 0 remain open, the only simply-
connected manifolds to admit positive-definite curvature operator are spheres [5].
Strongly positive curvature has the potential to improve the understanding of the
gap between these classes.
Our main result is a precise description of the moduli spaces of homogeneous
metrics with strongly positive curvature on the Wallach flag manifolds. For the
sake of brevity, we state it in terms of the moduli spaces of homogeneous metrics
with sec > 0, originally obtained by Valiev [14], see also Pu¨ttmann [9, 10]; however,
we stress that our proof is independent of these previous results.
Theorem A. A homogenous metric on W 6 or W 12 has strongly positive curvature
if and only if it has sec > 0. A homogenous metric on W 24 has strongly positive
curvature if and only if it has sec > 0 and does not submerge onto CaP 2.
In the above statement, a homogeneous metric g on W 24 is said to submerge
onto CaP 2 if at least one of the 3 natural bundle projections (W 24, g) → CaP 2 is
a Riemannian submersion, see Subsection 3.2.
The main motivation for Theorem A, besides its intrinsic interest, is that it
completes the classification of closed simply-connected homogeneous spaces that
admit a homogeneous metric with strongly positive curvature. Apart from W 24,
which was left undecided, we proved in our previous work [4, Thm. C] that the only
closed simply-connected homogeneous space with sec > 0 that does not admit a
homogeneous metric with strongly positive curvature is the Cayley plane CaP 2. By
verifying that W 24 admits homogeneous metrics with strongly positive curvature,
Theorem A yields the following classification result:
Theorem B. All simply-connected homogeneous spaces with sec > 0 admit a ho-
mogeneous metric with strongly positive curvature, except for CaP 2.
Despite not admitting a homogeneous metric with strongly positive curvature,
CaP 2 may carry nonhomogeneous metrics with this property. It is worth stressing
that it is not currently known if all Riemannian manifolds with sec > 0 admit a
metric with strongly positive curvature, see [4, Sec. 6]. In fact, the only currently
known obstructions to strongly positive curvature are obstructions to sec > 0.
Let us give a brief outline of the strategy for the proof of Theorem A. The starting
point is to explicitly compute the modified curvature operators (R+ω) : ∧2TW • →
∧2TW • of homogeneous metrics on the Wallach flag manifolds W •. Up to averaging
using the isometric group action, ω can be assumed invariant. Thus, R + ω is
an equivariant symmetric linear operator, and hence, by Schur’s Lemma, has a
certain block diagonal canonical form based on the decomposition of ∧2TW • into
irreducible factors. In particular, R+ω can be tested for positive-definiteness using
its matrix on a suitable basis of representatives. The process to find ω such that
R+ω is positive-definite employs a first-order argument consisting of two steps. The
first step is to find ω0 such that R+ω0 is positive-semidefinite; and the second step
is to find ω′ with positive-definite restriction to the kernel of R + ω0. In this case,
ω = ω0+ε ω
′ satisfies the desired property for any sufficiently small ε > 0. The only
cases in which this process fails are those corresponding to normal homogeneous
metrics, and the homogeneous metrics on W 24 that submerge onto CaP 2. These
do not have strongly positive curvature as a consequence of [4, Thm. A, C].
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As a byproduct of the above proof (specifically, the first step of finding ω0 in
the first-order argument), we obtain a complete description of the moduli spaces of
homogeneous metrics with strongly nonnegative curvature on these manifolds:
Theorem C. A homogenous metric on W 6, W 12 or W 24 has strongly nonnegative
curvature if and only if it has sec ≥ 0.
This result motivates the question of which constructions of metrics with sec ≥ 0
yield metrics with strongly nonnegative curvature, which will be addressed in [3].
This paper is organized as follows. In Section 2, we briefly recall the definition
of strongly positive curvature and provide background on this condition for homo-
geneous spaces. Section 3 contains information on the Wallach flag manifolds and
their algebraic structure. Modified curvature operators of homogeneous metrics on
these manifolds are computed in Section 4, in terms of complete lists of represen-
tative vectors. Finally, in Section 5, we determine the above moduli spaces (see
Propositions 5.2, 5.5 and 5.7); which, in particular, prove Theorems A, B and C.
Acknowledgements. It is a pleasure to thank Karsten Grove and Wolfgang Ziller
for valuable suggestions. We also acknowledge the hospitality of the Mathematis-
ches Forschungsinstitut Oberwolfach, where many results in this paper were proved.
2. Strongly positive curvature
In this section, we briefly discuss the notion of modified curvature operators,
leading to the definition of strongly positive curvature; for details, see [4]. Further-
more, we recall the algebraic expression for curvature operators of homogeneous
spaces, according to the formulation of Pu¨ttmann [9].
2.1. Modified curvature operators. Let (M, g) be a Riemannian manifold, and
use the inner products induced by g to identify each ∧kTpM with its dual ∧kTpM∗
for every k. Denote by Sym2(∧2TpM) the space of symmetric linear operators
S : ∧2 TpM → ∧2TpM , and let b : Sym2(∧2TpM) → ∧4TpM be the Bianchi map,
which associates to each S ∈ Sym2(∧2TpM) the 4-form b(S) ∈ ∧4TpM given by
b(S)(X,Y, Z,W ) := 13
(
〈S(X∧Y ), Z∧W 〉+〈S(Y ∧Z), X∧W 〉+〈S(Z∧X), Y ∧W 〉
)
.
The space ∧4TpM is identified with a subspace of Sym2(∧2TpM), by associating
each 4-form ω ∈ ∧4TpM with the operator ω : ∧2 TpM → ∧2TpM given by
〈ω(X ∧ Y ), Z ∧W 〉 := ω(X,Y, Z,W ).
The orthogonal projection onto this subspace is given by the Bianchi map, which
hence determines an orthogonal decomposition Sym2(∧2TpM) = ker b⊕ ∧4TpM .
The curvature operator R : ∧2 TpM → ∧2TpM is an element of ker b, and the
operators (R + ω) ∈ Sym2(∧2TpM), that project onto R under b, are called mod-
ified curvature operators, following Pu¨ttmann [9]. The crucial feature of modified
curvature operators R+ω is that they induce the same sectional curvature function
sec : Gr2(TpM)→ R, sec(X ∧ Y ) = 〈R(X ∧ Y ), X ∧ Y 〉,
as the original curvature operator, since ω vanishes when restricted to Gr2(TpM).
Here, Gr2(TpM) := {X ∧ Y ∈ ∧2TpM : ‖X ∧ Y ‖2 = 1} denotes the Grassmannian
of (oriented) 2-planes on TpM . In particular, if there exists ω ∈ ∧4TpM such that
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(R + ω) ∈ Sym2(∧2TpM) is positive-definite, then the sectional curvature of any
plane in TpM is positive. This is sometimes referred to as Thorpe’s trick.
The manifold (M, g) is said to have strongly positive curvature (respectively,
strongly nonnegative curvature) if, for all p ∈M , there exists a 4-form ω ∈ ∧4TpM
such that the modified curvature operator (R+ω) : ∧2 TpM → ∧2TpM is positive-
definite (respectively, positive-semidefinite). By the above, this condition is clearly
intermediate between positive-definiteness (respectively, positive-semidefiniteness)
of the curvature operator and sec > 0 (respectively, sec ≥ 0).
2.2. Homogeneous spaces. Let G be a compact Lie group with bi-invariant met-
ric Q, and H a closed subgroup. Denoting the corresponding Lie algebras by g and
h, let m be the subspace such that g = h⊕m is a Q-orthogonal direct sum. Recall
that the tangent space to the homogeneous space G/H at the identity class [e] ∈ G/H
is identified with m, and the isotropy representation of H on T[e](G/H) ∼= m corre-
sponds to the adjoint representation Ad: H → SO(m). In particular, G-invariant
metrics on G/H are in 1-to-1 correspondence with Ad(H)-invariant inner products
on m. Any such inner product 〈·, ·〉 is determined by the Q-symmetric H-equivariant
automorphism P : m → m such that 〈X,Y 〉 = Q(PX, Y ). A formula for the cur-
vature operator of the corresponding G-invariant metric on G/H can be found in
Pu¨ttmann [9, Lemma 3.6], in terms of the bilinear forms B± given by
B±(X,Y ) := 12
(
[X,PY ]∓ [PX, Y ]).
By introducing the positive-semidefinite operator β ∈ Sym2(∧2g), given by
〈β(X ∧ Y ), Z ∧W 〉 := 14 〈[X,Y ]m, [Z,W ]m〉,
where Vm denotes the component in m of V ∈ g, and rearranging the above men-
tioned formula in terms of the Bianchi map, one obtains the following expression:
(2.1)
〈R(X ∧ Y ), Z ∧W 〉 = 12
(
Q(B−(X,Y ), [Z,W ]) +Q([X,Y ], B−(Z,W ))
)
+Q(B+(X,W ), P
−1B+(Y,Z))
−Q(B+(X,Z), P−1B+(Y,W ))
− 3〈β(X ∧ Y ), Z ∧W 〉+ 3b(β)(X,Y, Z,W ).
The above procedure is analogous to the rearrangement of the Gray-O’Neill formula
for curvature operators of Riemannian submersions in the proof of [4, Thm. 2.4].1
Remark 2.1. In order to verify whether a homogeneous metric on G/H has strongly
positive (or nonnegative) curvature, it suffices to consider modified curvature oper-
ators R + ω with 4-forms ω ∈ Ω4(G/H) that are G-invariant. More precisely, since
R ∈ Sym2(∧2m) is Ad(H)-equivariant and the set of positive-definite operators is
convex, a routine averaging argument implies that there exists ω ∈ ∧4m such that
R+ ω is positive-definite if and only if there exists an Ad(H)-equivariant ω ∈ ∧4m
such that R+ ω is positive-definite, see [4, Prop. 2.7] or [9, Lemma 3.5].
1Compare with the normal homogeneous case discussed in [4, Ex. 2.5], in which P = Id, B+ = 0
and B−(·, ·) = [·, ·]. The curvature operator of (G/H, Q|m) is given by RG/H = RG+3α−3b(α), see
[4, (2.9)], where α = A∗A is obtained from the A-tensor of the submersion (G, Q)→ (G/H, Q|m).
Since RG = α+β, it follows that RG/H = 4RG−3β+3b(β), which is the expression given by (2.1).
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3. Wallach flag manifolds
In this section, we recall the basic structure of the Wallach flag manifolds and
their homogeneous metrics. Let K be one of the real normed division algebras: R
of real numbers, C of complex numbers, H of quaternions, or Ca of Cayley numbers
(or octonions). A complete flag F in K3 is a sequence of linear subspaces
F =
{{0} ⊂ F 1 ⊂ F 2 ⊂ K3},
where dimK F
i = i, and the sets of complete flags in K3 have a natural smooth
structure. We denote these manifolds by W 3, W 6, W 12 and W 24, according to the
cases R, C, H and Ca respectively.
3.1. Homogeneous sphere bundles. The natural projection map
pi : W 3 dimK −→ KP 2, pi(F ) = F 1,
is a submersion, whose fiber pi−1(F 1) over a K-line F 1 consists of all K-planes F 2
that contain F 1. Such K-planes are in one-to-one correspondence with the K-lines
in the orthogonal complement (F 1)⊥, hence pi−1(F 1) can be identified with KP 1.
This makes W 3 dimK the total space of a sphere bundle over KP 2; more precisely,
(3.1)
S1 −→W 3 −→ RP 2, S2 −→W 6 −→ CP 2,
S4 −→W 12 −→ HP 2, S8 −→W 24 −→ CaP 2.
The isometry group G of each projective plane KP 2 above acts transitively on
W 3 dimK. Furthermore, the induced subaction of the isotropy subgroup K of a K-
line F 1 is transitive on the corresponding fiber pi−1(F 1). Altogether, each sphere
bundle (3.1) with W 3 dimK as total space is a homogeneous bundle of the form
(3.2) K/H −→ G/H −→ G/K,
for a triple of compact Lie groups H ⊂ K ⊂ G, as described in the following table:
(3.3)
G/H K H K G
W 3 R Z2 ⊕Z2 O(2) SO(3)
W 6 C T2 U(2) SU(3)
W 12 H Sp(1)Sp(1)Sp(1) Sp(2)Sp(1) Sp(3)
W 24 Ca Spin(8) Spin(9) F4
The inclusions H ⊂ K ⊂ G for the quaternionic flag W 12 are given by the obvious
matrix block embeddings, and similarly for the real and complex flags W 3 and W 6:
Z2 ⊕Z2 ∼= S(O(1)O(1)O(1)) ⊂ O(2) ∼= S(O(2)O(1)) ⊂ SO(3)
T2 ∼= S(U(1)U(1)U(1)) ⊂ U(2) ∼= S(U(2)U(1)) ⊂ SU(3).
Regarding the octonionic flag W 24, we describe the inclusions of Spin(8) into Spin(9)
into F4 following the exceptional survey of Baez [1]. The Lie group F4 can be realized
as the automorphism group of the exceptional Jordan algebra
h3(Ca) =
{
H ∈ Mat3×3(Ca) : H∗ = H
}
,
of Hermitian 3×3 octonionic matrices. As described in [1, Sec. 3.4], this algebra can
also be constructed using the scalar, vector and spinor representations of Spin(9),
which is hence a subgroup of F4 (see also Harvey [8, Thm. 14.99]). The Lie algebra
f4 is the algebra of derivations of h3(Ca); in particular, f4 contains a copy of the
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algebra g2 of derivations of Ca, which is a subalgebra of so(7) ∼= so(Im(Ca)). More
precisely, there is a splitting
(3.4) f4 = sa3(Ca)⊕ g2,
where sa3(Ca) :=
{
A ∈ Mat3×3(Ca) : A∗ = −A, tr(A) = 0
}
. For more details on
the above, including formulas for the Lie bracket on f4, see Baez [1, Sec. 4.2].
3.2. Homogeneous metrics. As the above groups G are simple, by Schur’s Lemma,
they admit a unique bi-invariant metric Q, up to rescaling. We henceforth fix:
(3.5) Q(X,Y ) =
{
1
2 Re(tr(XY
∗)) if G = SO(3),SU(3),Sp(3),
1
2 Re(tr(X1Y
∗
1 )) +
1
8 tr(X2Y
∗
2 ) if G = F4,
where X1 ∈ sa3(Ca) and X2 ∈ g2 ⊂ so(7) denote the components of X ∈ f4,
according to (3.4).
In all cases, the Ad(H)-representation m has 3 irreducible factors m = V1⊕V2⊕V3,
each isomorphic to K as a real vector space. These irreducible factors can be
parametrized by the skew-Hermitian matrices with zero diagonal entries
K⊕K⊕K 3 (x1, x2, x3) 7−→
 0 x3 −x2−x3 0 x1
x2 −x1 0
 ∈ V1 ⊕ V2 ⊕ V3.
Consider the standard basis of K given by
{1} for K = R,
{1, i} for K = C,
{1, i, j, k} for K = H,
{1, i, j, k, l,m, n, o} for K = Ca.
From these, we construct a Q-orthonormal basis of m = V1⊕V2⊕V3 ∼= K⊕K⊕K.
To denote the elements of this basis, we use the symbols
1r, Ir, Jr,Kr,Lr,Mr,Nr,Or, 1 ≤ r ≤ 3.
For example, in the case K = C, the space m = V1 ⊕ V2 ⊕ V3 is spanned by:
11 =
0 0 00 0 1
0 −1 0
 , 12 =
0 0 −10 0 0
1 0 0
 , 13 =
 0 1 0−1 0 0
0 0 0
 ,
I1 =
0 0 00 0 i
0 i 0
 , I2 =
0 0 i0 0 0
i 0 0
 , I3 =
0 i 0i 0 0
0 0 0
 .
Since Vr, 1 ≤ r ≤ 3, are irreducible and nonisomorphic, Schur’s Lemma implies
that G-invariant metrics on G/H are parametrized by 3 positive numbers. We denote
these by ~s = (s1, s2, s3), so that the corresponding G-invariant metric is given by
g~s := s
2
1Q|V1 + s22Q|V2 + s23Q|V3 , at T[e](G/H) = V1 ⊕ V2 ⊕ V3.
Note that the Lie algebra of the intermediate subgroup K, according to the
above conventions, is given by k = h ⊕ V3. As g~s is Ad(K)-invariant if and only
s1 = s2, the homogeneous bundle (3.2) is a Riemannian submersion if and only if
s1 = s2. More generally, for each 1 ≤ r ≤ 3, there exists a copy of K in G whose
Lie algebra is h⊕ Vr. Each such choice for K determines a bundle (3.1), which is a
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Riemannian submersion onto the corresponding projective plane (with its standard
Fubini metric) if and only if sr+1 = sr+2, where indices are understood modulo 3.
Finally, for any fixed ~s, observe that the image of each natural inclusion
(3.6) (W 3, g~s) ↪−→ (W 6, g~s) ↪−→ (W 12, g~s) ↪−→ (W 24, g~s)
is the fixed point set of an isometry, and hence a totally geodesic submanifold.
4. Modified curvature operators
The goal of this section is to derive explicit formulas for the modified curvature
operators R+ω of all homogeneous metrics g~s on the Wallach flag manifolds, where
ω is a general Ad(H)-invariant 4-form (see Remark 2.1).
Let us briefly outline an important computational simplification that will be used
throughout this section. Since (R+ω) : ∧2m→ ∧2m is Ad(H)-equivariant, Schur’s
Lemma implies that it admits a block diagonal decomposition, with blocks corre-
sponding to the isotypic components of ∧2m. Each isotypic component is the sum of
n copies of an irreducible H-representation V of dimension d. As R+ω is symmetric,
its restriction to this isotypic component is, in a suitable basis, the tensor product of
the d×d identity matrix with a certain n×n symmetric matrix A. In particular, the
corresponding block of R+ω is positive-definite (respectively, positive-semidefinite)
if and only A is positive-definite (respectively, positive-semidefinite).
In order to compute each of the symmetric matrices A, we choose a representa-
tive vector v1 6= 0 in one copy of V , and then produce additional representatives
v2, v3, . . . in the remaining copies of V by taking images of v1 under appropriate
isomorphisms of representations. Proceeding in this way through all isotypic com-
ponents, we obtain a complete list of representatives {vi}, such that the restriction
of R + ω to the space of representatives span{vi} is positive-definite (respectively,
positive-semidefinite) if and only if R+ω is positive-definite (respectively, positive-
semidefinite). We denote by R̂W•(~s, ω) this restriction to the space of represen-
tatives of the curvature operator R of the flag manifold (W •, g~s) modified by the
invariant 4-form ω.
Convention. In what follows, subindices are always taken modulo 3, and
(4.1) s := 2(s1s2 + s1s3 + s2s3)− (s21 + s22 + s23).
We skip this computation for the real flag manifold W 3, since strongly positive
curvature and sec > 0 are equivalent in dimensions ≤ 4, see [4, Prop. 2.2] or [13].
4.1. Complex flag manifold W 6. The isotropy group H is the maximal torus
T2 of G = SU(3), see (3.3). A computation with weights shows that the H-
representation ∧2m decomposes as the sum of 3 copies of the trivial representation
and single copies of 6 mutually nonisomorphic 2-dimensional representations. The
following 9 representative vectors form a complete list, as described above:
1r ∧ Ir, 1 ≤ r ≤ 3,
− 1√
2
(
1r+1 ∧ 1r+2
)
+ 1√
2
(
Ir+1 ∧ Ir+2
)
, 1 ≤ r ≤ 3,
1√
2
(
1r+1 ∧ 1r+2
)
+ 1√
2
(
Ir+1 ∧ Ir+2
)
, 1 ≤ r ≤ 3.
Furthermore, the following determine a basis of the H-invariant elements of ∧4m:
ξr := 1r+1 ∧ Ir+1 ∧ 1r+2 ∧ Ir+2, 1 ≤ r ≤ 3,
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and we denote a general invariant 4-form by:
(4.2) ξ = a1 ξ1 + a2 ξ2 + a3 ξ3.
The restriction R̂ of the modified curvature operator R+ ξ of the homogeneous
manifold (W 6, g~s) to the subspace of ∧2m spanned by the above representative
vectors can be computed using (2.1), and results in the block diagonal matrix
R̂W 6 = diag
(
R̂1W 6 , R̂
2
W 6 , R̂
3
W 6
)
,
where the blocks, listed in the same order as the representatives, are given by:
R̂1W 6 :=
 4s1 − s2s3 + a3 − s2s2 + a2− s2s3 + a3 4s2 − s2s1 + a1− s2s2 + a2 − s2s1 + a1 4s3
,(4.3)
R̂2W 6 := diag
(
sr+1 + sr+2 − sr + ar, 1 ≤ r ≤ 3
)
,(4.4)
R̂3W 6 := diag
(
(sr+1−sr+2)2−s2r
2sr
− ar, 1 ≤ r ≤ 3
)
.(4.5)
4.2. Quaternionic flag manifold W 12. The isotropy group is H = Sp(1)3, see
(3.3), and the H-representation ∧2m decomposes into a total of 9 isotypic com-
ponents. More precisely, there are 2 copies each of 3 irreducible nonisomorphic
representations of dimension 3, 3 distinct irreducible representations of dimension
12, and 3 distinct irreducible representations of dimension 4. The following 12
representative vectors form a complete list, as described above:
1√
2
(
1r+1 ∧ Ir+1 − Jr+1 ∧Kr+1
)
, 1√
2
(
1r+2 ∧ Ir+2 + Jr+2 ∧Kr+2
)
, 1 ≤ r ≤ 3,
1
2
(
1r+1 ∧ 1r+2 − Ir+1 ∧ Ir+2 − Jr+1 ∧ Jr+2 −Kr+1 ∧Kr+2
)
, 1 ≤ r ≤ 3,
1√
2
(
1r+1 ∧ 1r+2 + Kr+1 ∧Kr+2
)
, 1 ≤ r ≤ 3.
Furthermore, the following determine a basis of the H-invariant elements of ∧4m:
φr := (1r+1 ∧ Ir+1 − Jr+1 ∧Kr+1) ∧ (1r+2 ∧ Ir+2 + Jr+2 ∧Kr+2)
+(1r+1 ∧ Jr+1 + Ir+1 ∧Kr+1) ∧ (1r+2 ∧ Jr+2 − Ir+2 ∧Kr+2)
+(1r+1 ∧Kr+1 − Ir+1 ∧ Jr+1) ∧ (1r+2 ∧Kr+2 + Ir+2 ∧ Jr+2), 1 ≤ r ≤ 3,
ψr := 1r ∧ Ir ∧ Jr ∧Kr, 1 ≤ r ≤ 3,
and we denote a general invariant 4-form by φ+ ψ, where:
(4.6)
φ = a1 φ1 + a2 φ2 + a3 φ3,
ψ = b1 ψ1 + b2 ψ2 + b3 ψ3.
The restriction R̂ of the modified curvature operatorR+φ+ψ of the homogeneous
manifold (W 12, g~s) to the subspace of ∧2m spanned by the above representative
vectors can be computed using (2.1), and results in the block diagonal matrix
R̂W 12 = diag
(
R̂1W 12 , R̂
2
W 12 , R̂
3
W 12
)
,
where the blocks, listed in the same order as the representatives, are given by:
R̂1W 12 := diag
((
4sr+1 − br+1 − ssr + 2ar− ssr + 2ar 4sr+2 + br+2
)
, 1 ≤ r ≤ 3
)
,(4.7)
R̂2W 12 := diag
(
sr+1 + sr+2 − sr + s2sr + 3ar, 1 ≤ r ≤ 3
)
,(4.8)
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R̂3W 12 := diag
(
(sr+1−sr+2)2−s2r
2sr
− ar, 1 ≤ r ≤ 3
)
.(4.9)
4.3. Octonionic flag manifold W 24. The isotropy group is H = Spin(8), see (3.3),
and the H-representation ∧2m decomposes as the sum of 3 copies of an irreducible
representation of dimension 28, 3 distinct irreducible representations of dimension
56, and 3 irreducible representations of dimension 8. The following 9 representative
vectors form a complete list, as described above:
1√
2
(
Jr ∧ Lr + Kr ∧Mr
)
, 1 ≤ r ≤ 3,
1
2
√
2
(
1r+1 ∧ 1r+2 − Ir+1 ∧ Ir+2 − Jr+1 ∧ Jr+2 −Kr+1 ∧Kr+2
− Lr+1 ∧ Lr+2 −Mr+1 ∧Mr+2 −Nr+1 ∧Nr+2 −Or+1 ∧Or+2
)
, 1 ≤ r ≤ 3,
1√
2
(
1r+1 ∧ 1r+2 + Or+1 ∧Or+2
)
, 1 ≤ r ≤ 3.
Furthermore, the following determine a basis of the H-invariant elements of ∧4m:
ζr := (1r+1 ∧ Ir+1 − Jr+1 ∧Kr+1) ∧ (1r+2 ∧ Ir+2 + Jr+2 ∧Kr+2)
+(1r+1 ∧ Jr+1 + Ir+1 ∧Kr+1) ∧ (1r+2 ∧ Jr+2 − Ir+2 ∧Kr+2)
+(1r+1 ∧Kr+1 − Ir+1 ∧ Jr+1) ∧ (1r+2 ∧Kr+2 + Ir+2 ∧ Jr+2)
+(1r+1 ∧ Lr+1 + Ir+1 ∧Mr+1) ∧ (1r+2 ∧ Lr+2 − Ir+2 ∧Mr+2)
+(1r+1 ∧Mr+1 − Ir+1 ∧ Lr+1) ∧ (1r+2 ∧Mr+2 + Ir+2 ∧ Lr+2)
+(1r+1 ∧Nr+1 − Ir+1 ∧Or+1) ∧ (1r+2 ∧Nr+2 + Ir+2 ∧Or+2)
+(1r+1 ∧Or+1 + Ir+1 ∧Nr+1) ∧ (1r+2 ∧Or+2 − Ir+2 ∧Nr+2)
+(1r+1 ∧ Ir+1 + Jr+1 ∧Kr+1) ∧ (Lr+2 ∧Mr+2 −Nr+2 ∧Or+2)
+(1r+1 ∧ Jr+1 − Ir+1 ∧Kr+1) ∧ (Lr+2 ∧Nr+2 + Mr+2 ∧Or+2)
+(1r+1 ∧Kr+1 + Ir+1 ∧ Jr+1) ∧ (Lr+2 ∧Or+2 −Mr+2 ∧Nr+2)
−(1r+1 ∧ Lr+1 − Ir+1 ∧Mr+1) ∧ (Jr+2 ∧Nr+2 + Kr+2 ∧Or+2)
−(1r+1 ∧Mr+1 + Ir+1 ∧ Lr+1) ∧ (Jr+2 ∧Or+2 −Kr+2 ∧Nr+2)
+(1r+1 ∧Nr+1 + Ir+1 ∧Or+1) ∧ (Jr+2 ∧ Lr+2 −Kr+2 ∧Mr+2)
+(1r+1 ∧Or+1 − Ir+1 ∧Nr+1) ∧ (Jr+2 ∧Mr+2 + Kr+2 ∧ Lr+2)
−(Jr+1 ∧ Lr+1 −Kr+1 ∧Mr+1) ∧ (1r+2 ∧Nr+2 − Ir+2 ∧Or+2)
−(Jr+1 ∧Mr+1 + Kr+1 ∧ Lr+1) ∧ (1r+2 ∧Or+2 + Ir+2 ∧Nr+2)
+(Jr+1 ∧Nr+1 + Kr+1 ∧Or+1) ∧ (1r+2 ∧ Lr+2 + Ir+2 ∧Mr+2)
+(Jr+1 ∧Or+1 −Kr+1 ∧Nr+1) ∧ (1r+2 ∧Mr+2 − Ir+2 ∧ Lr+2)
−(Lr+1 ∧Mr+1 −Nr+1 ∧Or+1) ∧ (1r+2 ∧ Ir+2 − Jr+2 ∧Kr+2)
−(Lr+1 ∧Nr+1 + Mr+1 ∧Or+1) ∧ (1r+2 ∧ Jr+2 + Ir+2 ∧Kr+2)
−(Lr+1 ∧Or+1 −Mr+1 ∧Nr+1) ∧ (1r+2 ∧Kr+2 − Ir+2 ∧ Jr+2)
−(Jr+1 ∧ Lr+1 + Kr+1 ∧Mr+1) ∧ (Jr+2 ∧ Lr+2 + Kr+2 ∧Mr+2)
−(Jr+1 ∧Mr+1 −Kr+1 ∧ Lr+1) ∧ (Jr+2 ∧Mr+2 −Kr+2 ∧ Lr+2)
−(Jr+1 ∧Nr+1 −Kr+1 ∧Or+1) ∧ (Jr+2 ∧Nr+2 −Kr+2 ∧Or+2)
−(Jr+1 ∧Or+1 + Kr+1 ∧Nr+1) ∧ (Jr+2 ∧Or+2 + Kr+2 ∧Nr+2)
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−(Lr+1 ∧Mr+1 + Nr+1 ∧Or+1) ∧ (Lr+2 ∧Mr+2 + Nr+2 ∧Or+2)
−(Lr+1 ∧Nr+1 −Mr+1 ∧Or+1) ∧ (Lr+2 ∧Nr+2 −Mr+2 ∧Or+2)
−(Lr+1 ∧Or+1 + Mr+1 ∧Nr+1) ∧ (Lr+2 ∧Or+2 + Mr+2 ∧Nr+2), 1 ≤ r ≤ 3,
and we denote a general invariant 4-form by:
(4.10) ζ = a1 ζ1 + a2 ζ2 + a3 ζ3.
The restriction R̂ of the modified curvature operator R+ ζ of the homogeneous
manifold (W 24, g~s) to the subspace of ∧2m spanned by the above representative
vectors can be computed using (2.1), and results in the block diagonal matrix
R̂W 24 = diag
(
R̂1W 24 , R̂
2
W 24 , R̂
3
W 24
)
,
where the blocks, listed in the same order as the representatives, are given by:
R̂1W 24 :=
 4s1 ss3 − 2a3 ss2 − 2a2s
s3
− 2a3 4s2 ss1 − 2a1
s
s2
− 2a2 ss1 − 2a1 4s3
,(4.11)
R̂2W 24 := diag
(
sr+1 + sr+2 − sr + 3s2sr + 7ar, 1 ≤ r ≤ 3
)
,(4.12)
R̂3W 24 := diag
(
(sr+1−sr+2)2−s2r
2sr
− ar, 1 ≤ r ≤ 3
)
.(4.13)
Remark 4.1. Since there are totally geodesic isometric embeddings (3.6) between
the Wallach flag manifolds, their modified curvature operators are restrictions of
one another. Nevertheless, the above matrices R̂W• are not submatrices of one
another, as the lists of representative vectors are not sublists of one another. In
fact, such a choice is not possible due to how the corresponding representations
decompose into irreducibles. We also remark that some invariant 4-forms of each
Wallach flag manifold can be seen as projections of invariant 4-forms of a larger
Wallach flag manifold; namely ζr projected to ∧4 of the subspace tangent to W 12
equals φr, and φr projected to ∧4 of the subspace tangent to W 6 equals ξr.
5. Moduli spaces
In this section, we determine the moduli spaces of homogeneous metrics with
strongly nonnegative and strongly positive curvature on the Wallach flag manifolds.
This is based on a detailed analysis of the matrices RW•(~s, ω) that encode the action
of modified curvature operators on a complete list of representatives, see Section 4.
We begin by recalling the moduli spaces of homogeneous metrics with sec ≥ 0
and sec > 0, in Proposition 5.2. We then assign to each ~s a 4-form ω0(~s) with
the remarkable property that R + ω0 is positive-semidefinite if and only if g~s has
strongly nonnegative curvature, see (5.2). This is the key step in determining the
moduli spaces of homogeneous metrics with strongly nonnegative curvature (Propo-
sition 5.5), which proves Theorem C. Finally, we combine these results with a first-
order perturbation argument to determine the moduli spaces of homogeneous met-
rics with strongly positive curvature (Proposition 5.7), which proves Theorem A.
Convention. In what follows, we make frequent use of the polynomials
(5.1) pr(~s) := (sr+1 − sr+2)2 + 2sr(sr+1 + sr+2)− 3s2r.
Note that s = p1(~s) + p2(~s) + p3(~s), see (4.1).
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5.1. Sectional curvature. An important preliminary result to discuss sec ≥ 0
and sec > 0 among homogeneous metrics on the Wallach flag manifolds is to recall
the moduli space of left-invariant metrics with these properties on SU(2). Note that
this corresponds to the case of the real flag manifold, as (W 3, g~s) is locally isometric
to SU(2) equipped with the left-invariant metric for which the canonical orthogonal
Killing fields have lengths s1, s2, and s3, see (3.3). This metric is known to have
sec ≥ 0 (respectively, sec > 0) if and only if pr(~s) ≥ 0 (respectively pr(~s) > 0) for
r = 1, 2, 3, see [15, Thm. B], and Figure 1 for a graphical representation.
Remark 5.1. The curvature conditions on g~s that we consider are scale-invariant on
~s, and permuting the elements of ~s = (s1, s2, s3) results in isometric homogeneous
metrics. In particular, the moduli space of homogeneous metrics g~s satisfying a
given curvature condition is to be understood up to these ambiguities, which can
be removed by imposing gauge fixing conditions, for instance, s1 ≤ s2 ≤ s3 and
s1+s2+s3 = 1. The latter normalization condition is used in Figure 1, to facilitate
the graphical representation. Note that the permutation invariance is evident in
Figure 1, where there are 6 isometric copies of the moduli space {g~s : secg~s ≥ 0}.
Figure 1. The intersection of {~s ∈ R3 : pr(~s) ≥ 0} with the
plane s1 + s2 + s3 = 1. Dotted segments indicate where sr = 0,
and continuous segments indicate where two of the sr are equal.
Proposition 5.2. The homogeneous metric g~s on W
6, W 12, or W 24, has sec ≥ 0
if and only if pr(~s) ≥ 0, r = 1, 2, 3. Furthermore, g~s has sec > 0 if and only if
pr(~s) > 0, r = 1, 2, 3, and sr are not all equal.
Proof. See Valiev [14, Thm. 2], and also Pu¨ttmann [10, Thm. 3.1]. 
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Remark 5.3. The central point in Figure 1, where s1 = s2 = s3, corresponds to a
multiple of the bi-invariant metric Q on G, see (3.5). Thus, the induced metric on
W • is a normal homogeneous metric, which is well-known to have sec ≥ 0 but not
sec > 0. Note also that the moduli space of homogeneous metrics with sec ≥ 0 on
W • is star-shaped around the normal homogeneous metric, cf. [11, Prop. 1.1].
Remark 5.4. The fact that the above moduli spaces for W 6, W 12 and W 24 coincide
can be explained using a generalization of the embeddings (3.6), by showing that
planes with extremal sectional curvature can be moved via isometries to become
tangent to certain totally geodesic submanifolds, see [17].
5.2. Strongly nonnegative curvature. Define the invariant 4-form ω0 = ω0(~s)
on each Wallach flag manifold W 6, W 12 and W 24 by setting:
(5.2) ar :=
(sr+1 − sr+2)2 − s2r
2sr
, 1 ≤ r ≤ 3,
on (4.2), (4.6) and (4.10), and br := 0 for W
12. Note that these values of ar are
precisely those for which the third blocks R3W•(~s, ω0) vanish, see (4.5), (4.9) and
(4.13) and Remark 5.6. In particular, ω0 depends linearly on the curvature operator
of g~s. We now demonstrate that ω0 is the “best” 4-form for the purpose of verifying
whether g~s has strongly nonnegative curvature; in particular, proving Theorem C.
Proposition 5.5. Let g~s be a homogeneous metric on W
6, W 12, or W 24, with
curvature operator R, and let ω0 be defined as above. The following are equivalent:
(1) g~s has strongly nonnegative curvature,
(2) g~s has sec ≥ 0,
(3) pr(~s) ≥ 0, for r = 1, 2, 3,
(4) R+ ω0 is a positive-semidefinite operator.
Proof. The implications (1) ⇒ (2) and (4) ⇒ (1) are trivial (see Section 2), and
the equivalence (2) ⇔ (3) follows from Proposition 5.2. We conclude by proving
the crucial implication (3) ⇒ (4).
By the totally geodesic embeddings (3.6), it suffices to prove (3) ⇒ (4) in the
case of (W 24, g~s), as modified curvature operators of (W
6, g~s) and (W
12, g~s) are
restrictions of modified curvature operators of (W 24, g~s). It is a direct verification
that R̂3W 24(~s, ω0) = 0, cf. (4.13) and (5.2). Furthermore, a simple calculation shows
(5.3) R̂2W 24(~s, ω0) = diag
(
2
sr
pr(~s), 1 ≤ r ≤ 3
)
,
which is hence positive-semidefinite by condition (3), see (4.12) and (5.1). If all
sr are equal, direct inspection shows that the first block R̂
1
W 24(~s, ω0) is positive-
semidefinite. Otherwise, it follows from (4.11) and (5.2) that the 2 × 2 principal
minors of R̂1W 24(~s, ω0) are:
4s(sr+1 − sr+2)2, 1 ≤ r ≤ 3,
hence nonnegative. Moreover, R̂1W 24(~s, ω0)v = 0 where
(5.4) v :=
(
s2 − s3
s1
,
s3 − s1
s2
,
s1 − s2
s3
)t
.
Since its diagonal entries are positive, Sylvester’s criterion implies that R̂1W 24(~s, ω0)
is positive-semidefinite. Therefore, also R+ ω0 is positive-semidefinite, that is, (4)
holds. 
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Remark 5.6. Note that the positive-semidefiniteness of each one of the second blocks
R̂2W 6(~s, ω0), R̂
2
W 12(~s, ω0) and R̂
2
W 24(~s, ω0) is equivalent to the conditions pr(~s) ≥ 0
for the homogeneous metric g~s to have sec ≥ 0. This can be easily verified through
computations analogous to (5.3). In fact, the definition (5.2) of ω0 was originally
motivated by the observation that positive-semidefiniteness of the second and third
blocks R̂2W•(~s, ω) and R̂
3
W•(~s, ω) is equivalent to ar ∈ Ir,~s, for certain intervals
Ir,~s that are nonempty if and only if pr(~s) ≥ 0. The choice (5.2) corresponds
to setting ar equal to the left endpoint of Ir,~s, which conveniently implies that
R̂3W•(~s, ω0) = 0. Finally, note that this observation yields a proof that (1) ⇒ (3)
which is independent of Proposition 5.2.
5.3. Strongly positive curvature. We now determine the moduli spaces of ho-
mogeneous metrics with strongly positive curvature on the Wallach flag mani-
folds; in particular, proving Theorem A. This is done studying first-order per-
turbations of the positive-semidefinite matrices R̂W•(~s, ω0) in Proposition 5.5; as
finding a 4-form ω′ whose restriction to ker R̂W•(~s, ω0) is positive-definite implies
that R̂W•(~s, ω0 + ε ω
′) is positive-definite for small ε > 0, see [4, Lemma 4.1].
Proposition 5.7. The homogeneous metric g~s has strongly positive curvature if
and only if pr(~s) > 0, r = 1, 2, 3 and
(1) sr are not all equal, in the case of W
6 and W 12;
(2) sr are pairwise distinct, in the case of W
24.
Proof. Suppose (W •, g~s) has strongly positive curvature, hence also sec > 0. From
Proposition 5.2, it follows that pr(~s) > 0, r = 1, 2, 3 and sr are not all equal.2 Fur-
thermore, in the case of W 24, if any two sr coincide, then there exists a Riemannian
submersion (W 24, g~s) → (CaP 2, gˇ), where gˇ is a multiple of the standard metric
(see Section 3). Since Riemannian submersions preserve strongly positive curva-
ture [4, Thm. A], it would follow that (CaP 2, gˇ) has strongly positive curvature,
contradicting [4, Thm. C].
For the converse, the case of (W 6, g~s) follows directly from that of (W
12, g~s), due
to the totally geodesic embeddings (3.6). Assume that pr(~s) > 0 and that the sr
are not all equal. We now show that R̂W 12(~s, ω), and hence the modified curvature
operator R + ω, are positive-definite for ω arbitrarily close to ω0, defined in (5.2).
Recall that the third block R̂3W 12(~s, ω0) vanishes identically, and the second block
R̂2W 12(~s, ω0) is positive-definite. As to the first block R̂
1
W 12(~s, ω0), note that
(5.5) det
(
4sr+1 − ssr + 2ar− ssr + 2ar 4sr+2
)
=
4s
s2r
(sr+1 − sr+2)2,
see (4.7) and (5.2). If, on the one hand, sr are pairwise different, then R̂
1
W 12(~s, ω0)
is positive-definite. In this case, for any a′r < 0, the 4-form φ
′ = a′1φ1 + a
′
2φ2 +
a′3φ3 becomes positive-definite on the subspace of representatives corresponding to
ker R̂W 12(~s, ω0). Thus, the first-order perturbation R̂W 12(~s, ω0 + εφ
′) is positive-
definite for sufficiently small ε > 0. If, on the other hand, sr 6= sr+1 = sr+2, then
2 This implication can be proved independently of Proposition 5.2. Indeed, positive-definiteness
of the second and third blocks R̂2W• (~s, ω) and R̂
3
W• (~s, ω) directly implies that pr(~s ) > 0, r = 1, 2, 3,
cf. Remark 5.6; and simultaneous positive-definiteness of the first block R̂1W• (~s, ω) is impossible
if the sr are all equal, since its determinant is negative.
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the 2× 2 matrix in (5.5) has kernel spanned by w := (1, 1)t. The restriction of
φ′ + ψ′ = a′1φ1 + a
′
2φ2 + a
′
3φ3 + b
′
1ψ1 + b
′
2ψ2 + b
′
3ψ3
to the corresponding subspace of representatives reduces to multiplication by
wt
(−b′r+1 2a′r
2a′r b
′
r+2
)
w = 4a′r − b′r+1 + b′r+2.
Setting a′r < 0, b
′
r = b
′
r+1 = 0 and b
′
r+2 > −4a′r, the above φ′+ψ′ becomes positive-
definite on the subspace of representatives corresponding to ker R̂W 12(~s, ω0). Simi-
larly to the previous case, the first-order perturbation R̂W 12
(
~s, ω0 + ε (φ
′ + ψ′)
)
is
positive-definite for sufficiently small ε > 0. Thus, we conclude that (W 12, g~s) has
strongly positive curvature.
Finally, for the converse in the case of (W 24, g~s), assume that pr(~s) > 0 and
that the sr are pairwise distinct. Once more, the third block R̂
3
W 24(~s, ω0) vanishes
identically, and the second block R̂2W 24(~s, ω0) is positive-definite. Furthermore, the
first block R̂1W 24(~s, ω0) is positive-semidefinite, with kernel spanned by the vector v
in (5.4). The restriction of ζ ′ = a′1 ζ1 + a
′
2 ζ2 + a
′
3 ζ3 to the corresponding subspace
of representatives reduces to multiplication by the scalar
vt
 0 −2a′3 −2a′2−2a′3 0 −2a′1
−2a′2 −2a′1 0
 v = 4
s1s2s3
3∑
r=1
(
sr(sr − sr+1)(sr − sr+2)
)
a′r.
If sr are pairwise different, the product of the coefficients of a
′
r in the above sum is
3∏
r=1
(
sr(sr − sr+1)(sr − sr+2)
)
= −s1s2s3(s1 − s2)2(s1 − s3)2(s2 − s3)2 < 0,
hence at least one coefficient is negative. Setting the corresponding a′r to be suffi-
ciently negative and a′r+1, a
′
r+2 < 0 small, the 4-form ζ
′ becomes positive-definite
on the subspace of representatives associated to ker R̂W 24(~s, ω0). Thus, the first-
order perturbation R̂W 24(~s, ω0+ε ζ
′) is positive-definite for sufficiently small ε > 0.
Therefore, we conclude that (W 24, g~s) has strongly positive curvature. 
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